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Efficient Projection-Based Algorithms for Tip
Decomposition on Dynamic Bipartite Graphs

Tongfeng Weng ', Yumeng Liu

and Kian-Lee Tan

Abstract—This paper addresses the pressing need for effective
k-tips decomposition in dynamic bipartite graphs, a crucial aspect
of real-time applications that analyze and mine binary relationship
patterns. Recognizing the dynamic nature of these graphs, our
study is the first to provide a solution for k-tips decomposition in
such evolving environments. We introduce a pioneering projection-
based algorithm, coupled with advanced incremental maintenance
strategies for edge modifications, tailored specifically for dynamic
graphs. This novel approach not only fills a significant gap in
the analysis of dynamic bipartite graphs but also substantially
enhances the accuracy and timeliness of data-driven decisions
in critical areas like public health. Our contributions set a new
benchmark in the field, paving the way for more nuanced and
responsive analyses in various domains reliant on dynamic data
interpretation.

Index Terms—Bipartite graph, community detection, dynamic
graph, incremental algorithm, tip number.

I. INTRODUCTION

IPARTITE graphs represent a significant tool that is instru-

mental in modeling and analyzing 2-hop relationships [1],
[2], [3]. They find extensive application in various domains,
such as social network analysis [4], [5] (depicting individual-
group relationships), recommendation systems [6], [7] (link-
ing consumers to products), and bioinformatics [8] (mapping
genes to traits), among others. The unique properties of these
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Fig. 1. An example of a butterfly in a bipartite graph. When modeled as an
individual-location relationship, a butterfly represents a co-movement pattern.

graphs make them an ideal solution for addressing numerous
practical challenges. The study of bipartite graphs, though well-
established and thoroughly explored, continues to be vibrant
and critical. This enduring relevance is driven by the ongoing
diversification and democratization of data collection sources,
alongside the surge in demand for emerging applications. The
recent focus is on joint analysis of multi-source data to mine
simultaneous movement patterns or collaborative event partici-
pation, generating significant interest [9], [10], [11].

As a fundamental building block, this type of analysis sup-
ports a plethora of crucial societal decisions. These include the
dynamic allocation of public resources during emergencies [12],
[13], tracking close contact behavior in suspected contagion
cases for disease control [14], and identifying risks in terrorist
attacks and public safety incidents [15], [16]. In the recent
global pandemic, a profoundly memorable event, governments
worldwide employ various technological strategies in the early
stages of combating the disease. These approaches focus on
assessing the transmission paths of detected cases, enabling the
implementation of effective measures to curb the spread [17],
[18]. This method marks a departure from historical responses to
pandemics, as it was previously challenging to record large-scale
population movements effectively.

The enhanced availability of binary relationship records en-
ables more detailed and precise analysis. However, the scale of
data generated from such analyses is considerable, necessitating
the development of efficient and effective analytical methods
to optimally utilize this data for public health benefits. In this
context, studying butterfly patterns in bipartite graphs plays
a particularly prominent role [19], [20], [21]. As illustrated
in Fig. 1, when individuals and locations are modeled as a
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bipartite graph, a butterfly pattern, or a (2,2)-biclique, signifies
the concurrent presence of two individuals at two identical
locations. Taking the butterfly count of each vertex as a metric
effectively characterizes the vertex’s significance in potential
transmission pathways. Furthermore, this concept can support
cluster mining. k-tips are defined as k-cohesive subgraphs in a
bipartite graph [22], where each vertex is involved in at least &
butterflies as an effective tool for identifying infection groups.

For instance, during critical moments in the fight against
infectious diseases, countries adopt more overt methods to col-
lect contact data, constructing a more comprehensive bipartite
graph representation. Particularly in Singapore, the widespread
deployment of the Exposure Notification System [23] (ENS)
utilizes mobile devices’ low-energy Bluetooth discovery
mechanisms to record proximity interactions. The government
also implements the TraceTogether system, distributing free
hardware tokens and deploying numerous short-wave devices in
public and congregational areas to collect token broadcast sig-
nals [24]. Furthermore, the SafeEntry system requires scanning
QR codes at checkpoints to log interval information for enter-
ing and exiting [25]. The k-tip decomposition of the dynamic
people-places bipartite graph significantly covers key communi-
ties in the social transmission of disease in time, providing vital
support for public health decision-making. This technological
evolution in disease control reflects a paradigm shift in managing
global health crises, leveraging digital tools to enhance response
efficiency and accuracy [26], [27], [28].

The core premise of these mining applications is the decom-
position of bipartite graphs into butterfly patterns for efficient
counting. However, subgraph pattern counting, including bipar-
tite butterfly counting, remains computationally intensive even
with modern hardware [29], [30], [31], [32], and bipartite graph
butterfly counting is no exception. Although the current state-of-
the-art algorithm has been optimized to O(}", ., d(v)?) [33],
further refinement is necessary. Crucially, existing butterfly
counting algorithms are predominantly static, requiring com-
plete recalculations upon any graph update. This static nature
is problematic given the dynamic nature of real-world graphs,
characterized by continuous edge insertions and deletions [34].
The limitations of these static methods are particularly evident
in scenarios demanding timely insights, such as disease outbreak
control or emergency resource allocation.

To address these limitations, researchers have developed
approximate algorithms for dynamic maintenance [35], [36],
[37]. While these methods offer computational advantages for
large-scale data streams, their reliance on approximations can
involve inaccuracies. In applications where precision is critical,
such as contact tracing during a pandemic, these inaccuracies
can be detrimental. The need for an exact dynamic method is
underscored by the demand for precise and immediate under-
standing in crisis management scenarios. Missed connections
or overlooked patterns can result in missed opportunities for
intervention, highlighting the need for algorithms that maintain
butterfly patterns with both efficiency and accuracy. This paper
aims to bridge this gap.

In our pursuit of optimizing butterfly counting method-
ologies, we conduct a comprehensive investigation into the

primary performance bottlenecks of existing frameworks. Cur-
rent computational frameworks, especially those involving sub-
graph decomposition, face significant overhead due to the topo-
logical characteristics of the butterfly pattern, which necessitates
extensive access to 2-hop neighbors [38]. To address these
challenges, we introduce a projection-based pattern decom-
position algorithm (PTDA) that adeptly handles the evolution
of the original graph’s structure. PTDA begins by deploying
an exact static algorithm to transform the original bipartite
graph into a weighted general graph. This transformation is
pivotal as it projects each edge’s weight to represent the shared
butterfly count between two vertices, encapsulating intricate
co-movement patterns and inter-vertex relationships in a form
amenable to efficient analysis. This foundational phase ensures
an accurate initial state for subsequent dynamic updates, which
is crucial in applications where minor inaccuracies can have
significant implications. The experimental evaluations (Sec-
tion V) demonstrate that our algorithm not only achieves a more
effective decomposition of tips compared to existing solutions
but also reveals that vertices with changes in tip number exhibit
strong local connectivity.

According to the PTDA experimental observation, we further
propose tip maintenance algorithms (TMA) for pruning the
projection as the graph evolves, specifically focusing on edge
weights that represent the interrelation between vertices. TMA
leverages the insight that changes to the bipartite graph’s struc-
ture have localized effects on its projection, affecting only the
vertices involved in or adjacent to the altered edges. This realiza-
tion enables a targeted approach to updating the projection upon
graph modifications. Instead of recalculating from scratch, we
identify the affected vertices within our weighted general graph.
This allows us to selectively reconstruct projections for these
specific candidates, significantly reducing the computational
overhead. The synergy between PTDA and TMA is pivotal.
The accuracy of the initial static algorithm ensures that our
dynamic heuristics operate on a precise baseline, while the effi-
ciency of the localized update strategy preserves computational
resources as data evolves continuously. PTDA 1is designed to
adapt and thrive within perpetually changing landscapes without
compromising on either precision or performance. This dual
approach optimizes computational resources and underscores
TMA’s adaptability to a wide array of scenarios requiring both
accuracy and agility, positioning our method at the forefront of
bipartite graph analysis methodologies.

Our major contributions are summarized as follows.

® We propose a novel projection-based tip decomposition

algorithm to effectively manage tip counts in dynamic
bipartite graphs, which does not incur additional compu-
tational costs during projection generation. Moreover, we
note that this technique allows for the pruning of 2-hop
neighbor access operations, thereby enhancing efficiency.
® We delve into the incremental tip maintenance algo-
rithms for both the insertion and deletion of edges.
This involves the innovative “sub-edge generation” strat-
egy, which breaks down the updated edge into multiple
sub-edges. Additionally, we have investigated various
theoretical lemmas pertinent to the retrieval of candidate
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TABLE I
SUMMARY OF NOTATIONS

Notation Description
G=(UV,E) A bipartite graph
Y (G) = (U, E,W)  The projection graph of a bipartite graph G
N(uw) A neighbor set of vertex u
d(u) The degree of vertex u
dya(u) The butterfly degree of vertex u
H=(U',V',E')  Asubgraph H of G
dpr(u) The induced degree of u in H
MZ? A butterfly contains vertices 1 and uz

The number of sharing butterflies between
wia (u1, u2)

U1, u2
0(u) u's tip number
Hy ) The 0(u)-tip H contains vertex u

vertices, aiding in the construction of a candidate projec-
tion. Utilizing these strategies and lemmas, we present
two algorithms, TMA-Ins and TMA-Del, designed for the
incremental maintenance of tip numbers.

® We evaluate the performance and efficacy of our proposed
algorithms on eight real-world bipartite graphs. The results
from these experiments substantiate the algorithms’ effec-
tiveness and efficiency in practical scenarios.

II. PRELIMINARIES
A. Problem Formulation

In this work, we explore incremental maintenance of k -tip
decomposition of dynamic networks modeled as undirected and
unweighted bipartite graphs. In this section, we introduce several
definitions that are used throughout the whole paper. Table I
gives the notations.

In a bipartite graph G = (U, V, E), where U and V denote
two types of entities, each edge e € E connects a vertex from U
to one from V. Thus, for u € U, its neighbors N (u) belong to
V. The degree of a vertex u, denoted as d(u), equals the number
of vertices in its neighborhood N (u). As there are no direct
edges between vertices of the same type, we introduce a motif
called a butterfly, denoted as ><1, to measure their connection.
A butterfly is a (2,2)-clique consisting of four vertices, two from
U and two from V', with four edges among them. The butterfly
degree of a vertex u, denoted as d«(u), indicates the number
of butterflies that u participates in. We use ><1;;? to indicate that
vertices uq and us share a butterfly, and wy« (u1, u2) denotes the
number of shared butterflies between u; and uy. More specific
definitions are provided below.

Definition 1. (Wedge): In a bipartite graph, a wedge is de-
fined as a structure consisting of three vertices and two edges
among them, which can be represented as either (u1, vy, u2) or
(v1, u1,v2).

Definition 2. (Butterfly): In graph G = (U, V, E)), a butterfly
isdefinedasa(2,2)-clique H = (U', V', E') C G, where U’ and
V' each contain two vertices. E’ consists of four edges among
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Fig. 2. A toy bipartite graph. The green dotted edge e = (u4,v5) will be
inserted into the source graph.

these four vertices. A butterfly, denoted as ><I, contains two
wedges.

A k-tip is a cohesive subgraph consisting of vertices from one
type of entity, either set U or set V. In this work, we specifically
focus on set U. We denote the tip number of vertex u as 6(u). The
definitions of k-tip community and tip maintenance are provided
below.

Definition 3. (k-tip): In graph G = (U, V, E), if a subgraph
H = (U',V',E") is a k-tip, it should satisfy

e Connectivity: vertices in U’ are reachable via butterflies.

o Tighiness: each vertex u € U’ participates in at least k

butterflies.

® Uniqueness: no other k-tip subsumes H.

Definition 4. (Tip number): In graph G = (U, V, E), the tip
number of v € U is defined as the maximum value k for which
there exists a k-tip containing u, denoted as 6(u). The Kpyax-tip
H that contains u is denoted as Hg(,,).

Definition 5. (Support): The support of a vertex u € U is the
number of 2-hop neighbors that have tip numbers not less than
O(u).

Problem 1. (Tip decomposition): In graph G = (U,V, E),
tip decomposition is designed to calculate the tip numbers of
vertices in U.

Problem 2. (Tip maintenance): Given a bipartite graph G =
(U,V,E) and a set of new edges that will be inserted into or
deleted from G, tip maintenance is proposed to maintain tip
numbers of vertices in U.

Example: We use Fig. 2 to illustrate these above definitions.
Given the toy graph G = (U, V, E), the source graph has 10
users (vertices) and 15 locations (edges). Edges ¢; = (v1,uq)
and es = (ug,v2) form a wedge. Also, edges e3 = (v1,uz) and
e4 = (ug2,v9) form another wedge. These two wedges form
a butterfly. According to Definition 2, the butterfly degree is
shown in the second row. After peeling vertices that have the
minimum tip number iteratively, we can obtain the tip number
of vertices in U (the fourth row in Fig. 2). Finally, we get a
4-tip community consisting of vertices {u4,us} and a 6-tip
community {uq, us, us}.

B. Bottom-Up Peeling Tip Decomposition Algorithm

To mine cohesive communities consisting of vertices from
the same type of entity, Sariyuce et al. [22] introduced k-tip
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Algorithm 1: Bottom-Up Peeling Tip Decomposition
(BUP).
Input: Bipartite graph G=(U, V, E)
Output: Tip numbers 6(u) Yu € U
1 Count butterfly degree of vertex u € U
2 while U # & do
3 | Peel u € U which has the minimum butterfly
degree
4 Update butterfly degrees of 2-hop neighbors of u

community to identify vertex-induced subgraphs with a large
number of butterflies. Given a bipartite graph G = (U, V, E),
there are two main phases to get the tip number of each vertex.
First, we need to count the butterfly degree of all vertices in U.
Chiba and Nishizeki [39] proposed an efficient vertex-priority-
based algorithm to count the number of butterflies for each vertex
that it can participate in. The algorithm only traverses wedges
where the degree of the last vertex is greater than the degree of the
start and middle vertices. It traverses O(3_ , , e p Min(du, dv))
wedges. The parallel version of the algorithm [40], [41] pro-
cesses multiple start vertices concurrently. This parallel variant
for per-vertex counting adds the contributions from traversed
wedges to start, mid, and end vertices.

It is inefficient to store all k-tips of a bipartite graph because a
k-tip overlaps with k’-tips for all &’ < k [33]. As shown in Defi-
nition 4, 6(u) is defined as the maximum k for which w can par-
ticipate in a k-tip. Tip numbers provide a space-efficient repre-
sentation of k-tip hierarchy with quick retrieval. The bottom-up
peeling tip decomposition algorithm is presented in Algorithm 1.
In graph G = (U, V, E), the algorithm counts butterfly degrees
for vertices from U. Then, it peels the vertex v with minimum
butterfly degree and the tip number of u is set as the current
butterfly degree (Line 3). Subsequently, the 2-hop neighbors of
vertex u adjust their butterfly degrees by deducting the count
of shared butterflies with u, with a maximum reduction capped
at O(u) (.e., O(v') = Mazx(0(v') — w(u,u’),0(u))). (Line 4).
When all vertices in U are peeled, the tip numbers are obtained
(Lines 2-4).

III. Tip NUMBER MAINTENANCE ON PROJECTION

Different from the decomposition algorithm on unipartite
graphs, there are more 2-hop neighbor access operations on
bipartite graphs. First, the degree of a vertex in a unipartite
graph is equal to the number of neighbors while we need to
find the number of sharing butterflies of each pair of vertices in
a unipartite graph. According to Definition 2, it needs two 2-hop
neighbor access operations to find a butterfly. Second, there are
also many 2-hop neighbor access operations during tip decom-
position when updating butterfly degrees of remaining vertices
(Algorithm 1 line 4). Therefore, applying the tip decomposition
algorithm to maintain tip numbers on dynamic bipartite graphs
is time-consuming.

To avoid 2-hop access operations when maintaining tip num-
bers in dynamic bipartite graphs, we propose a projection-based
tip maintenance algorithm (PTMA). As introduced in Section II,

1-3

Fig. 3. The projection of Fig. 2. The weight of edge ¢ = (u4, us) increases
from 1 to 3 because the new edge e = (u4, vs) insertion.

the tip decomposition algorithm should first count the butterfly
degree of each vertex in U. In this process, we can construct
a projection ¥(G) = (U, E, W) of the source bipartite graph
G = (U,V,E) (i.e., convert the bipartite graph to a weighted
unipartite graph). Specifically, vertices in the projection repre-
sent those vertices from U of the source bipartite graph GG and the
weight of each edge indicates the number of sharing butterflies
between the two endpoints. As shown in Fig. 3, it is a projection
of the toy bipartite graph in Fig. 2. Vertices u; and uy have three
common neighbors v1, vo, and v3, and there are three butterflies
containing u; and us. The weight of edge e = (u1,us) should
be 3. Before we present PTDA, some lemmas will be introduced
in advance.

Observation 1: In graph G = (U, V, E') and a new edge e =
(u, v) that will be inserted into or deleted from G, edges in the
projection have weight changes should be E' = {(u,u/)|u’ €
N (v)}. The new weights of edges in E’ can be updated by

1+ 1+ 8 X ori_weight

ori_sharing_nei = 5 ) (D
(ori_sharing_nei + 1) X (ori_sharing_nei +1 — 1)
w =
2 )
(2)

where 4 and — indicate edge insertion and deletion, respectively.
Proof: Vertex v is a common neighbor of vertex u and N (v)
and sharing butterflies are generated from these common neigh-
bors, therefore only edges in £’ may have weights changed.
Given two vertices u; and us with n common neighbors,
Wi« (u1,u2) can be calculated by

nx(n—1)
2

Then, we can get the ori_sharing_nei by (3). For edge inser-
tion, n should be increased by 1 and minus 1 for edge deletion.

The projection of a bipartite graph results in a weighted
unipartite graph, where the edge weights represent the number
of shared butterflies between the two endpoints in the original
bipartite graph. Updating an edge in the bipartite graph will
alter the weights of the corresponding edges in the projection.
The new weights can be computed using (2). Consequently, the
updated projection can be maintained by adjusting the weights
of the relevant edges after inserting or deleting an edge in the
original bipartite graph. If an edge’s weight increases from O to 1,
this will introduce a new edge with weight 1 into the projection.

Example: We use the toy graph (Fig. 2) and its projection
(Fig. 3) to illustrate the weight update process. After inserting

3

wl><1(“1,U2) =
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Algorithm 2: Projection-Based Tip Decomposition.
Input: Projection ¥(G) = (U, E, W), butterfly
degree array tip
Output: Tip numbers 0(u) Vu € U
1 Initialize vert array to store vertices by the
ascending order of butterfly degree
2 Initialize bin array to store the start offset of
different degrees in vert
3 Initialize pos array to store the position of each
vertex in vert
4 foru € vert do

5 | foru € N(u)do

6 while diq(u') > dig(u) && wig(u,u’) > 0 do
7 du < dy(v), pu < pos[u’]

8 pw < bin[du], w < vert[pw]

9 if v’ # w then

10 pos[u’] « pw,vert[pu] + w

11 pos[w] + pu,vertlpw] + u

12 bin[du] < bin[du] + 1

13 dpa(u')  dpq(u') — 1

14 Wy (u, u')  wg(u,u’) -1

15 return dpo(u)|u € U

edge e = (ug,v5) into G, the number of common neighbors of
uy and us increases from 2 to 3. According to Observation 1,
the weight of edge e = (u4, us) in projection ¥(G) should be
3.

Based on the new projection, we propose a peeling-based
decomposition algorithm to compute the tip numbers of vertices.
This algorithm is inspired by WG_BZ [42], the state-of-the-art
method for core decomposition in unipartite graphs [43]. The
pseudocode is provided in Algorithm 2.

PTDA: Projection-based Tip Decomposition Algorithm.
Given the projection ¥ = (U, E, W) of a bipartite graph G =
(U, V, E), PTDA peels vertices in U according to their butterfly
degree. First, the vert array is initialized to store vertices in U
by the ascending order of butterfly degrees (Line 1). Vertices
with the same butterfly degree are stored consecutively on vert
and the start offset of this scope of vertex is recorded in bin
(Line 2). The pos array is used to store the index of each
vertex in vert (Line 3). Then, PTDA processes vertices in vert
sequentially (Lines 4-15). For a specific vertex u, its neighbors
in N (u), where v is a 2-hop neighbor of u in G, update butterfly
degrees according to the edge weight wi(u,u’) (Lines 6-14).
In each iteration, u’ is relocated to the starting offset of the
vertex group with butterfly degrees equal to dp(u') (Lines
7-11). Subsequently, Lines 12-13 adjust the offset array bin and
decrement u’’s butterfly degree by 1.

Complexity: Given a bipartite graph G = (U, V, E), ¥ =
(U, E', W) is the projection, where each edge ¢’ = (u, ') € E'
indicates that the two vertices from U can be connected by
at least one butterfly. As a result, |E'| < C’le‘. According to
Algorithm 2, after peeling a vertex u, the butterfly degree of
its neighbor u is reduced by at most wyq(u,u’). All peeled
vertices and related edges will not be accessed later. As a result,

the complexity of PTDA is O( .. w(€')), where E' is the
weighted edge set in the projection U = (U, E', W). If we apply
the conventional peeling algorithm [1] on the source bipar-
tite graph, each weighted edge ¢’ = (u,u’) € E' needs another

7V1+8X2°“J(e/)+1 x 2 =4/14 8 x w(e’) + 1 neighbor accesses (
(1)) to find these sharing butterflies.

Example: Fig. 4 illustrates the process of peeling operation
on projection. The weight of edge e = (uy4, us) increases from
1 to 3 because of the new edge e = (ug4,vs) insertion on the
source bipartite graph. PTDA first initializes the arrays bin and
vert, as depicted in step-1 of Fig. 4. In vert, vertices are sorted
by their butterfly degrees, while bin holds the starting index in
vert for vertices with a specific butterfly degree. For instance,
given that d (u4) = 4 and the index of uy in vert is 0, we have
bin[4] = 0. Since vertex u,4 has the minimum butterfly degree
of 4, it is peeled first. Step-2 of Fig. 4 illustrates the process of
peeling uy4. During this step, the butterfly degree of u3 decreases
from 8 to 7. Consequently, bin[7] is set to 4, the index of ug in
vert. In step-3, after removing us, the butterfly degrees of u;,
us, and usg all decrease to 6. Since wu is the first vertex with a
butterfly degree of 6 and its index in vert is 2, we set bin[6] = 2.
Subsequently, ui, us, and ug are peeled from the projection.
After peeling, the tip numbers of u4 and us increase from 2 to 4.

IV. INCREMENTAL TIP MAINTENANCE ALGORITHMS

Although PTDA can avoid 2-hop access while maintaining tip
numbers in a bipartite graph, it generates many more edges in the
projection than the source bipartite graph. We take the dataset
YouTube as an example to describe this scenario. The dataset
consists of 131,072 vertices in U, 32,768 vertices in V, and
293,360 edges in E. The projection of YouTube has 59,826,175
weighted edges. It may lead to the OOM (out of memory)
problem while processing large-scale dynamic bipartite graphs.
Therefore, the proposed PTDA cannot maintain tip numbers in
large graphs effectively.

According to the experimental results of PTDA in Section V,
we found that the number of vertices that have tip numbers
changed due to edge insertion or deletion is a small subset vertex
of the source graph. For example, when we insert edge w4, vs5 into
the toy graph in Fig. 2, only vertices u4 and u5 need to change
their tip numbers. This inspires the research of locally-based
incremental tip maintenance algorithms.

A. Theoretical Findings

In graph G = (U, V, E), there is an edge e = (u, v) inserted
into or deleted from GG. The number of common vertices between
w and N (v) will be changed by 1, then the number of sharing
butterflies containing these pairs of vertices will be changed.
As a result, the butterfly degree of some vertices in U may be
increased or reduced. Unlike unipartite graphs, the magnitude
of changes in butterfly degree is usually more than 1. The
conventional incremental theorems for k-core maintenance [44],
[45], [46] cannot be applied to bipartite graphs.

According to Observation 1, only wyq(u,u), where v’ €
N (v), will be changed. The changed values of different v’ are
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degree: 0 1 23 45 6 7 8
bin: [0J0JoJoJo[2][2]4][4]
vert: | Us|us| uy|uy| U3

step-1: Initialization

degree: 0 1 2 3 45 6 7 8

bin: [0]0]o0]oJo[2]2]5]5]

vert:

PEmmn
step-3: Remove us

Fig. 4. PTDA on the projection in Fig. 3.

not the same. It is difficult to locate vertices that may have tip
numbers changed. To find candidate vertices that may experience
changes in their tip numbers accurately, we process these pairs
of vertices separately.

Strategy 1. sub-edge generate: Given a bipartite graph G =
(U,V, E), there is an edge e = (u,v) inserted into or deleted
from G. The sub-edge setis { = {e = (u,v/)|[v’ € N(v) \ u}.

For each sub-edge, we process it separately. Specifically, we
first find a candidate vertex set, in which vertex’s tip number may
be changed. It needs to be noted that before all sub-edges are
processed, the new edge e = (u, v) should not be updated into
G. Otherwise, the support (Definition 5) of candidate vertices
will be confused while processing a single sub-edge. The lemma
for candidate vertices finding is shown as follows.

Lemma 1: Given a bipartite graph G = (U,V,E) and a
new edge e = (u,v), the weight of a sub-edge e = (u,v’) is
maz(n, m) — 1 that represents the change in the number of
sharing butterflies between v and v/, where n and m are the
original and new number of common neighbors of u and v/,
denoted as Apo(u,u’).

Proof: Forasub-edge e = (u, ), there are n common neigh-
bors in the bipartite graph. Then the number of sharing butterflies
isn x (n—1)/2((3)). For edge insertion, n < m = n + 1, the
number of increment butterflies is

(n+1)xn nx((n-1)
2 a 2

Asg(u,u’) = =n=m— 1.

4)
For edge deletion, n > m = n — 1, we can get the same result
by

nxn—1) (n—1)x(n—2)

A " = — =n-—1.
sa(u, u') D) 9 n

(&)

In summary, Ax4(u, ') = max(n,m) — 1.

Lemma 2: Given a k-tip Hy, and A butterflies that will be
inserted into or deleted from Hy, there must be a k'-tip Hyp C
Hy, where k' € [k — Apq, k + Asg].

degree: 0 1 23 45 6 7 8
bin: [0]0]0]0]0[2[2]4]4]
k_J

vert: u4|u5|u1|u2 U3

step-2: Remove u,

tip tip
u| 6 u| 6
| 6 L) 6
us| 6 # us| 6
Uyl 2 | 4
Us| 2 Us| 4

Proof: We first prove the butterfly deletion scenario. Accord-
ing to the definition of k-tip (Definition 3), vertices in a k-tip can
participate in £ butterflies (i.e., the induced butterfly degree is not
less than k). When the A butterflies, the butterfly degree of
each vertex in Hy, is reduced at most A . Then, the minimum
induced butterfly degree in Hy equals to k — As. As aresult,
E>k—Asqg.

For butterfly insertion, let’s delete these inserted butterflies
and the tip numbers will be rolled back (i.e., k' — Apq < k).
Therefore, k' < k + Apg.

By reason of the foregoing, ¥’ € [k — Apq, k + Apgl.

Lemma 3: In graph G = (U,V,E) and a sub-edge e =
(u,u), the change in the number of sharing butterfly between
uw and v is Apq(u,u’) (Lemma 1). For each vertex u € U,
|0(p) —0(p)| < Asq(u,u'), where ()’ is the new tip number
of L.

Proof. (Add Axq(u,u') butterflies): Assume there is a vertex
pweU,0(u) —0(n) > Apq(u,u). Then, there is a 6(u)'-tip
Houy € G+ Apg(u,u’). The Apg(u,u’) butterflies must in
Hg(,y. Otherwise, 0(u) can be equal to 6(y)" without these
Apg(u,u')butterflies. Let H' = Hy(,,y — Apg(u,u'). Accord-
ing to Lemma 2, there is a 6(u) — Apq(u, v)-tip in H'. Be-
cause 0(p) — Apq(u,u') > 6(p), the tip number of y can be
larger than 0() in G. It is a contradiction.

(Remove An(u,u’) butterflies): After adding Apo(u,u’)
butterflies into GG, we remove these butterflies again. Then the tip
numbers of vertices in U will be recovered. As a result, vertices
in U will reduce their tip number by at most Ay (u, u').

Lemma 4. Candidate: Given a bipartite graph G = (U, V, E)
and a sub-edge e = (u,u'), where Ap,(u,u’) represents
the change in the number of shared butterflies between
vertices u and w/, the root vertex is defined as root =
O(u) < 6(u') 7 w:u'. Candidate vertices that may expe-
rience changes in their tip numbers are determined as
follows:

® For edge insertion, vertices that can reach the root ver-

tex root through a path consisting of vertices, which are
connected by butterflies, with tip numbers in the range
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[0(root), O(root) + Anq(u,u')) may experience changes
in their tip numbers.

e For edge deletion, vertices that can reach the root ver-
tex root through a path consisting of vertices, which are
connected by butterflies, with tip numbers in the range
(O(root) — Apq(u,u'), 8(root)] may experience changes
in their tip numbers.

Proof: According to Definitions 3 and 4, the tip number of

a vertex u indicates that it has at least 6(u) 2-hop neighbors
with tip numbers no less than 6(u). Otherwise, it cannot form a
6 (u)-tip community. Therefore, any change in the tip numbers of
a vertex u’s 2-hop neighbors that have tip numbers no less than
6(u) can potentially alter the structure of the 6 (u)-tip community
Hy(,,), thereby affecting 6(u). If a vertex does not have any 2-hop
neighbors whose tip numbers change, then the tip number of
that vertex remains unchanged. Thus, the candidate vertex set
should form a connected component, where vertices are linked
by butterflies. Next, we will prove the lemma for two scenarios:
sub-edge insertion and deletion.

Scenario 1. Edge Insertion: For a vertex p € U, if its tip
number () increases after processing sub-edge e = (u, u'), the
new edge ¢ = (u, v) has not yet been inserted into G. However,
the butterfly degree increment A (u, u’) should be considered,
representing the additional sharing butterflies between v and u/'.
In G + Apq(u, '), the new kp,az-tip Hy(,,y of 1 must contain
sub-edge e = (u,u’). The inclusion of sub-edge e = (u,u’)
implies the addition of A4 (u,u) butterflies to both v and v'.
If no new butterflies are added to Hy,,y, then 0(u)" = 0(u),
leading to a contradiction.

According to Lemma 3, all vertices may change their tip
numbers in the range [0, Apq(u,u’)]. For each vertex with
a tip number larger than 6(root) + Asq(u,u’), there will be
no additional 2-hop neighbors that can increase its support,
defined as the number of 2-hop neighbors with tip numbers
larger than the vertex itself (see Definition 5). Therefore, if
O(p) > O(root) + Apq(u, '), the tip number 6 (1) will remain
unchanged.

All vertices except the root will not gain new butterflies to join,
and therefore, the tip numbers of other vertices will not decrease
when inserting new butterflies into the bipartite graph. For a
vertex with a tip number less than 6(root), although some of its
2-hop neighbors may increase their tip numbers, the support of
the vertex will remain unchanged, and thus its tip number will
not change.

In summary, only vertices with tip numbers in the range
[0(root),B(root) + Apq(u,u’)] may experience changes in
their tip numbers.

Scenario 2. Edge Deletion: Let’s remove the sub-edge from
G, and then all vertices will recover their original tip num-
bers. As discussed earlier, after inserting the sub-edge, the
maximum new tip number will be 6(root)yri + Apg(u,u),
and the minimum tip number of those candidate vertices is
O(root) ori, where 0(root),,; is the tip number of root before
inserting the sub-edge. Vertices that have tip numbers larger than
0(root)ori + Apq(u,u’) have not changed their tip numbers.
Therefore, these vertices will not experience any reduction

sub-edge 1

Fig. 5. sub-edge based tip maintenance.

in their tip numbers after the sub-edge deletion. Because the
minimum tip number of candidate vertices while inserting the
sub-edge is 6(root),ri, all vertices can only reduce their tip
numbers to 0(root),,; at the minimum. Vertices where 6(p) <
O(root)eri will not have 2-hop neighbors that reduce their
tip numbers from > 0(root) ;i to < 6(root),r;. According to
Definition 5, these vertices will not experience any changes in
their tip numbers.

After inserting the sub-edge, 6(root) should be at most
0(root)ori + Apq(u,u’). Then, when we delete the sub-edge,
we conclude that only vertices with tip numbers in (6(root) —
Apq(u,u'),0(root)] may have their tip numbers changed.

Lemma 5. Correctness: Given a bipartite graph G =
(U,V,E) and a new edge e = (u,v), the sub-edge set is de-
noted as £ = e = (u,u’)|u’ € N(v) \ u. After processing each
sub-edge sequentially, the tip numbers will be maintained. Note:
when processing a sub-edge, it should be aware of the sub-edges
that have been processed previously.

Proof: As outlined in the PTDA algorithm proposed in
Section III, when a new edge is inserted into or deleted from the
source bipartite graph, it can be decomposed into several new
weighted edges in the corresponding projection. It is evident
that these new weighted edges, akin to sub-edges, can be se-
quentially inserted into the projection and PTDA can be applied
to update the tip numbers for each insertion. Consequently,
after processing all sub-edges, tip numbers will be accurately
maintained.

B. Incremental Tip Maintenance Algorithm

In this subsection, we introduce two algorithms for edge
insertion and edge deletion, respectively. Our algorithms com-
prise two main phases: the candidate-finding phase and the
candidate-peeling phase. For a new update edge, we initially
generate a sub-edge set according to Strategy 1. Subsequently,
we employ our incremental tip maintenance algorithms for each
sub-edge to maintain tip numbers.

It is important to note that the new edge will not be in-
serted into GG before all sub-edges are processed. Otherwise, the
candidate-finding phase may collect irregular vertices. However,
in a bipartite graph, we cannot insert a sub-edge explicitly. To
address this issue, we add butterfly degrees before applying the
peeling operation. The specific algorithm for edge insertion is
depicted in Algorithm 3.
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Algorithm 3: Tip Maintenance Algorithm for Edge Inser-
tion (TMA-Ins).
Input: Bipartite graph G = (U, V, E), new edge
e = (u,v)
Output: Tip numbers 0(u) Vu € U
/¥ Sub-edge Generation ******/
Insert edge e = (u,v) into G
Initialize a hasp_map
sub_edge_map = {(key, —1)|key € N(v)}
for v’ € N(u) do
for v’ € N(v') do
L if u' € N(v) then

@WON =

g o U B

| sub_edge_maplu'] + +

Delete edge e = (u,v) from G

/% Tip Maintenance ****** /

o for sub-edge (u', Apq(u,u')) € sub_edge_map do
1 root < the endpoint that has a smaller tip
number

12 | min_tip < 0(root)

13 | max_tip < 0(root) + Apq(u,u’) — 1

14 initialize a empty projection ¥

15 FindCandidate(root, sub_edge_map, V)

16 PeelCandidate(V)

7 Insert edge e = (u,v) into G
return 0(u) Yu € U

=
o

_= =
®

Algorithm TMA-Ins: Tip Maintenance Algorithm for Edge
Insertion. Line 2 first inserts the new edge into G to generate
sub-edges and calculate the corresponding weights (Lines 3-
7). Line 8 deletes the new edge to ensure the accuracy of the
candidate-finding operation. For each sub-edge, the endpoint
with a smaller tip number is set as root (Line 11). Lines 12-13
set the boundaries of vertices that may experience changes in
their tip numbers according to Lemma 4. Then, we apply two
functions to find and peel the candidate projection W. Here, the
candidate projection W is a weighted graph that only consists
of vertices that may experience changes in their tip numbers.
In W, the weight of each edge denotes the number of sharing
butterflies between the pair of candidates. Candidate-peeling can
be performed on this intermediate projection directly without
2-hop neighbor access.

In Function FindCandidate, we start from root and expand
to 2-hop neighbors to find candidate vertices with tip numbers
in the satisfied range (Lines 4-8). The new candidates are put
into Frontier for the next candidate-finding iteration (Lines
9-10). As emphasized before, we should update these processed
sub-edges into the projection W. Line 11 converts the number
of common neighbors in ¥ to butterfly degree by (3). For edge
deletion, line 12 removes butterflies from processed sub-edges.
Line 13 adds these additional butterflies into W.

Now the tip numbers of vertices in ¥ can be updated by the
candidate-peeling operation. The PTDA (Algorithm 2) cannot
be applied to peel this candidate projection W directly. This is
because vertices in ¥ are usually a small part of the source
vertex set U. The arrays initialized in PTDA are designed for

Function: FindCandidate(root, sub_edge_map, V).

Input: Bipartite graph G = (U, V, E), min_tip,
max_tip
Output: The local projection ¥ consisting of
candidate vertices
1 Initialize active set Frrontier = {root}
2 while Frontier # & do

3 Pop u from Frontier
4 | forve N(u)do
5 for v’ € N(v) do
6 // for deletion should be
0(u) € (min_tip, max_tip)
7 if (v') € [min_tip, max_tip) then
8 Ululfu] ++
9 if u' ¢ Frontier and v’ ¢ ¥ then
10 | Putw into Frontier

11 Convert the number of common neighbors in ¥ to
butterfly degree by Equation 3

12 // for deletion should remove butterflies from
processed sub-edges

13 Add butterflies from processed sub-edges into ¥

14 return W

Function: PeelCandidate(\W).

Input: The candidate projection ¥

Output: Tip numbers 0(u) Yu € ¥
1 while ¥ # & do
2 Peel u from ¥ with the minimum induced
butterfly degree
for v’ € N(u) do

s, ) < W[u][u]
L dog(u') = maz(dug(u) — weg(u, '), 0(u))

]

5

6 return 0(u) Yu € ¥

all vertices, where an index of an array indicates the ID of the
corresponding vertex. In Function PeelCandidate,, we peel the
vertex in W with the minimum tip number iteratively (Lines 1-5).
When a vertex u is peeled from W, the induced neighbors of «
in ¥ need to update their induced butterfly degree(Lines 3-5).

After processing all sub-edges, vertices in the candidate pro-
jection U get their new tip numbers, and the new edge e = (u, v)
is updated in G (Line 17).

Example: We use the toy graph in Fig. 5 to illustrate these lem-
mas and Algorithm 3. In the scenario where the dotted new edge
e = (u1,v3) is to be inserted into G, according to Strategy 1,
we generate the sub-edge set { = e1 = (u1,u3), ea = (u1, ua),
where Axq(e;) =1 and Apq(e2) = 2. When we insert sub-
edge e into G, the butterfly degrees of 1 and ug will increase by
1. The initial tip numbers of u; and ug are 1 and 2, respectively.
We set uq as the root. According to Lemma 4, the candidate
vertices should have tip numbers in the range [1,2). Thus,
the candidate set is wuy, us. After the peeling operation on the
candidate set, no vertex has its tip number changed. For sub-edge
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Algorithm 4: Tip Maintenance Algorithm for Edge Deletion
(TMA-Del).
Input: Bipartite graph G = (U, V, E), deletion edge
e = (u,v)
Output: Tip numbers 6(u) Vu € U
/****#*%* Sub-edge Generation ******/
Initialize a hasp_map
sub_edge_map = {(key, —1)|key € N(v)}
3 for v’ € N(u) do
4 | foru' € N(v') do
5 L if ' € N(v) then
6

N

L sub_edge_maplu'] + +

7 /¥ Tip Maintenance ******/

8 for sub-edge (u', Apq(u,u’)) € sub_edge_map do

9 root < the endpoint that has a smaller tip
number

10 | min_tip < O(root) — Apq(u,u’) + 1

1 | max_tip < 0(root)

12 initialize a empty projection ¥

13 FindCandidate(root, sub_edge_map, V)

14 PeelCandidate(V)

5 Delete edge e = (u,v) from G
6 return O(u) Vu € U

-

e, the butterfly degree increment of w; and us is 2. The initial tip
numbers of ©1 and ug are both 1. One of them will be selected as
the root. It’s important to note that sub-edge e; = (u1, u3) was
processed, and the new butterfly has been added between u; and
us. Therefore, us can reach root via a satisfactory butterfly path.
Consequently, the candidate set is w1, us, us. After the peeling
operation, 8(uy) = 3, 6(uz) = 3, and (u3) = 3, yielding the
same results as PTDA (Algorithm 2). If the sharing butterfly gen-
erated by sub-edge e; wasignored while processing sub-edge eo,
the candidate set would be w1, us. After the peeling operation,
O(u1) = 3and O(ug) = 3, but f(u3) would not change, resulting
in an incorrect outcome.

TMA-Del: Tip Maintenance for Edge Deletion. As shown in
Algorithm 4, the tip maintenance for edge deletion is roughly
similar to TMA-Ins. It first generates sub-edges from the source
bipartite graph (Lines 2-6). Because the update edge was in
G, the sub-edges can be found directly without modifying G.
Then, for each sub-edge, the tip number range of candidate
vertices is set according to Lemma 4 (Lines 10-11). After that,
TMA-Del applies candidate-finding Function FindCandidate
and candidate-peeling Function PeelCandidate, operations to
update the tip numbers of these candidates. In the end, the edge
e = (e,v) is deleted from G (Line 15).

Complexity: For a sub-edge, we need to generate a candi-
date projection U(U’, E', W) from the given bipartite graph
G = (U,V,E), where U’ and E’ are the candidate vertex set
and weighted edges among them, respectively. The most com-
plicated scenario is that all vertices in U are candidate vertices
(i.e., U’ = U). Therefore, the maximum complexity of Function

FindCandidate is Y-, oy >~ e N (u) 2owen(w) 0(w), where 6(u')

indicates if v’ is a new candidate vertex. Function PeelCandidate
peels the candidate projection ¥ (U’, E’, W) generated by Func-
tion FindCandidate. All edges in ¥ will be accessed once. Hence,
the complexity of Function PeelCandidate is O| E’|, where | E’| is
the number of weighted edges in ¥. The maximum complexity
is O|E| when all vertices in U are candidates. In this worst
scenario, the conventional tip decomposition algorithm would
be more efficient because it can peel the source bipartite graph
directly without constructing the candidate projection.

V. EXPERIMENT
A. Settings

The first set of experiments compares the performance of
PTDA (Algorithm 2) with the bottom-up peeling-based tip
decomposition (BUP) [22] and the parallel algorithm (RE-
CEIPT) [33], by studying the runtime for per-edge update using
64 threads. In addition, we analyze the additional space overhead
introduced by PTDA by counting the number of edges and the
scope of vertices that have tip numbers changed after each edge
update on average. The second set of experiments shows the
performance of TMA-Ins and TMA-Del for edge insertion and
edge deletion, respectively. Specifically, we investigate the run-
time performance of BUP, RECEIPT, PTDA, and TMA-Ins &
TMA-Del for small bipartite graphs. Due to the space limitation,
we only evaluate the performance of RECEIPT and TMA-Ins &
TMA-Del for large-scale bipartite graphs.

In our experiment, we randomly select 500 edges from distinct
vertices in set U of the bipartite graph G = (U, V, E). These
edges are then deleted from G and subsequently reinserted. Then
we invoke BUP, RECEIPT, and our proposed algorithms PTDA,
TMA-Ins, and TMA-Del to calculate the update tip numbers of
each vertex u € U. Following the experimental setup outlined
in [45], we compute the average time taken for each new edge
update and compare it to the time required by the BUP and
RECEIPT algorithms. In addition, we conduct statistical tests on
five synthetic bipartite graphs to evaluate the performance and
verify the scalability across bipartite graphs of various sizes. The
projection construction phase is considered a preprocessing step,
so it is generally not regarded as part of the main computational
processes.

Our algorithms are implemented in C++ and compiled with
gce 9.4.0. All sets of experiments are conducted on Linux OS
running on a server with Intel(R) Xeon(R) Gold 6226R CPU @
2.90 GHz, with 192 GB of RAM.

B. Datasets

Our experiments are all evaluated on real-world bipartite
graphs [47], [48], [49]. The descriptions of each dataset are
shown in Table II. For the first six datasets (YT, BC, DR, DT,
GH, and IM), we apply BUP, RECEIPT, PTDA and TMA-
Ins/TMA-Del to maintain tip numbers. For the last two datasets
(TR and OR), we only use RECEIPT and TMA-Ins/TMA-Del.
This is because BUP is too time-consuming and Function Find-
Candidate will lead to an OOM problem. All datasets can be
downloaded from http://konect.cc/networks/ [50]. In addition,
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TABLE II
REAL-WORLD AND SYNTHETIC BIPARTITE GRAPHS

Graph Description |U| 4 |E| Projection |E’'| |E'|/|E|
YouTube (YT) Users and memberships in YT 94,239 30,088 293,360 59,826,175 204
BookCrossing (BC) Books read by members in BC 105,279 340,524 1,149,739 18,551,334 16
Dbpedia-Recordlabel (DR) Musical artists and their record labels 168,338 18,422 233,286 143,714,073 616
Dbpedia-Team (DT) Athletes and their teams 901,167 34,462 1,366,466 325,294,100 238
GitHub (GH) Users and projects in GH 56,520 120,868 440,237 22,280,573 51
IMDB (IM) Movie-actor network 685,569 186,415 2,715,604 38,491,926 14
Trackers (TR) Internet domains and trackers in them 27,665,731 12,756,245 140,613,762 - -
Orkut (OR) Users” group memberships in OR 2,783,197 8,730,858 327,037,487 - -
Syn-1 Total 218 vertices 199898 199847 598809 22443504 37
Syn-2 Total 219 vertices 399878 399945 1198037 59703228 50
Syn-3 Total 220 vertices 599910 599857 1798186 77266016 43
Syn-4 Total 22! vertices 799878 799939 2398543 128957174 54
Syn-5 Total 222 vertices 999822 999809 2997665 186608617 62
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Fig. 6. Time cost of BUP, RECEIPT, and PTDA for decomposing real-world Fig. 7. The time cost of RECEIPT (left y-axis) and the number of vertices

bipartite graphs.

we also generate five synthetic bipartite graphs by the method
used in [41] to verify the scalability under various graph sizes.

C. Evaluation of PTDA

Time cost overview: In this set of experiments, we compare
the time cost of PTDA (Algorithm 2) with BUP [22] and RE-
CEIPT [33] on datasets YT, BC, DR, DT, GH, and IM. This
is because the generation of projection of large graphs (TR
and OR) will cause the OOM (out of memory) problem, which
will be analyzed later. For BUP, it is too time-consuming to be
applied to maintain tip numbers in the two large-scale datasets.
For each new edge, we need to apply BUP, RECEIPT, and PTDA
to calculate tip numbers. The per-edge runtime cost results are
shown in Fig. 6. Compared to BUP and RECEIPT, PTDA gets
significant improvement in runtime cost. In specific, PTDA
can speed up BUP and RECEIPT by 2.4x-9.7x and 1.1x-4.2x,
respectively. This is because vertices can access their 2-hop
neighbors in the projection while applying TPDA.

Defect analysis: Although PTDA is highly efficient in pro-
cessing the tip maintenance problem, itintroduces a considerable
amount of additional memory overhead. As can be seen from
Table II column Projection |E’|, the number of edges in the
projection used in PTDA is orders of magnitude greater than
the number of edges in the source bipartite graph. For example,

that have tip numbers changed after deleting 500 edges (right y-axis).

there are 325,294,100 edges in the projection of dataset DT while
the source bipartite graph has only 1,366,466 edges. Compared
to the source bipartite graphs, the increase in the number of
edges in corresponding projections is shown in the last column
of Table II. Therefore, for large-scale bipartite graphs like TR
and OR, storing the entire projection in DRAM is infeasible.

In addition, according to the analysis in Section III, the
complexity of PTDAis O (3, . i w(e)), where E'is the weighted
edge set in the projection. The more edges in the projection,
the more time will be cost by PTDA. As shown in Fig. 6, the
projection of DT has the maximum weighted edges, and PTDA
tasks more time to re-decompose it. This will lead to the inability
to meet the real-time update requirement of tip numbers when
dealing with large-scale bipartite graphs.

New expectation: According to the results of datasets YT,
BC, DR, DT, GH, and IM, we find only a small part of vertices
will have tip numbers changed. Then, we invoked RECEIPT to
re-decompose TR and OR after deleting the 500 edges. Fig. 7
(right y-axis) presents the number of vertices that have tip
numbers changed. In proportion to the number of vertices in
the source bipartite graph, it is extremely small. For example, in
the dataset Orkut, there are 2,783,197 vertices in U, and only 607
tip number changes. Fig. 7 (left y-axis) also provides the time
cost of RECEIPT on different datasets. As the size of the graph
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Fig. 8.  Average time cost of maintaining tip numbers per edge update.

grows, the time consumption exhibits exponential growth. Ap-
plying RECEIPT to maintain tip numbers in dynamic bipartite
graphs, particularly large-scale ones, is inefficient. Researching
incremental algorithms in this context offers significant potential
for improvement.

D. Evaluations of TMA-Ins and TMA-Del

Inspired by the experimental results of PTDA, we explored
the incremental tip maintenance algorithm in Section IV. This
set of experiments is designed to evaluate the performance of
TMA-Ins (Algorithm 3) and TMA-Del (Algorithm 4) for edge
insertion and edge deletion, respectively. First, we select 500
edges and delete them from the source bipartite graph. For each
edge deletion, we generate a sub-edge set and apply Algorithm 4
to maintain tip numbers. Then, we insert these 500 edges back
into the bipartite graph. Algorithm 3 is invoked to calculate
tip numbers incrementally. The results of average per-edge
processing time are presented in Fig. 8, which demonstrate
millisecond-level response time achieved for the tip maintenance
problem. Even for large-scale bipartite graphs, TR and OR,
which cannot be handled by PTDA and RECEIPT also need
thousands of seconds to decompose, TMA-Ins/TMA-Del can
maintain tip numbers in 6.1/7.0 seconds for TR and 28.4/31.2
milliseconds for per-edge update, respectively.

In addition, we compare the runtime cost to that of BUP and
RECEIPT. The experiment results are also shown in Fig. 8.
Compared to BUP, RECEIPT tasks less time to decompose a
bipartite graph. In the following, we analyze the performance
of our proposed tip maintenance algorithms (TMA-Ins and
TMA-Del) with RECEIPT as the benchmark. The results show
that our algorithms outperform the state-of-the-art parallel tip
decomposition algorithm RECEIPT. As can be seen from Fig. 9,
for edge insertion, the maximum speedup reaches 87,950x.
For edge deletion, the highest speedup is 80,057x. But on
dataset YT, the speedup is only 128x and 121x for per-edge
insertion and per-edge deletion, respectively. This indicates that
the performance of our algorithms is strongly influenced by the
graph structure, rather than being significantly related to the
size of the graph. We discuss this in more detail in the following
section.
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E. Evaluation on Synthetic Graphs

Based on experimental data from real datasets, the greatest
change in tip values observed when inserting or deleting 500
edges accounts for 0.79% of the total number of vertices. We
conduct statistical tests on five synthetic graphs to verify this
proportion. In addition, we also assess the scalability of TMA-
Ins and TMA-Del on these synthetic graphs. According to the
experimental results shown in Figs. 10 and 11, after inserting
or deleting 500 edges in synthetic datasets, the ratio of the
change in tip numbers to the total vertices ranges from 0.06% to
0.4%, which are all less than 0.79%. Compared to existing tip
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decomposition algorithms BUP and RECEIPT, TMA-Ins and
TMA-Del achieved significant performance in maintaining the
tip number of vertices in dynamic bipartite graphs of different
sizes. This demonstrates that the algorithm proposed in this
paper exhibits good scalability across bipartite graphs of various
sizes.

F. Discussion

As mentioned earlier, the proposed algorithms exhibit signif-
icant performance variations across different datasets, and there
is no positive correlation with the size of the graph. This is
related to the bipartite graph structure and the execution flow
of the algorithm. Whether Algorithm 3 for edge insertion or
Algorithm 4 for edge deletion, they do need to construct the
candidate projection ¥ by Function FindCandidate. If there are
too many vertices that can be expanded as candidates, the scale
of U would be too large. In this context, on the one hand, it takes
more time to construct the candidate projection ¥, on the other
hand, Function PeelCandidate will also cost more time to get the
tip numbers. Therefore, in certain extreme cases, when the vast
majority or even all vertices are candidates, our algorithm would
be inefficient. This is also a problem that we plan to address in
future work.

VI. RELATED WORK

A. Butterfly Counting

A butterfly, the smallest cohesive bipartite subgraph, has been
a key focus in various studies. Chiba et al. [39] introduced an
efficient vertex-priority butterfly counting algorithm that oper-
ates with O(1) complexity per wedge. Wang et al. [41] then
delved into optimizing the vertex-priority algorithm, prioritiz-
ing vertices based on decreasing degree. Additionally, Sanei et
al. [51] proposed randomized algorithms for quickly estimating
the number of butterflies in a graph with guaranteed accuracy.
Further research by Sheshbolouki et al. [36], [37] explored the
butterfly approximation framework within streaming bipartite
graphs.

B. Cohesive Community Detection on Bipartite Graphs

Several algorithms have been designed for cohesive motif or
subgraph detection on bipartite graphs [52], [53]. Ding et al. [54]
proposed a linear time complexity algorithm for mining («v, 3)-
core. Liu et al. [55] introduced a BiCore-Index to retrieve the
(a, B)-core more efficiently. Biclique is a complete subgraph,
in which each pair of vertices from the different vertex sets are
connected [56]. The biclique enumeration problem was explored
in many recent works [57], [58], [59], [60]. In addition, existing
work [22], [61], [62], [63] solved the k-bitruss decomposition
problem on bipartite graphs, in which each edge is contained in
at least k butterflies [64]. In particular, Sariyuce et al. [22] pre-
sented the k-tip/k-wing model and proposed the peeling-based
algorithms to calculate the tip number/wing number for each
vertex/edge. k-tip is a fundamental structure in mining cohesive
subgraphs in bipartite graphs. In this work, we focus on tip
decomposition in dynamic bipartite graphs.

k-tip is the maximal butterfly-connected subgraph where each
vertex can participate in at least & butterflies. Wang et al. [65]
proposed the algorithm for butterfly counting over vertices in
O(>,cy deg(v)?) time. The approximate counting algorithms
based on sampling and graph sparsification are presented in [35],
[51]. Zou [66] developed the first algorithm for butterfly peeling
per edge to calculate tip numbers of vertices. Shi et al. [40]
designed a framework called PARBUTTERFLY that contains
new parallel algorithms for global butterfly counting, tip decom-
position, and wing decomposition. Lakhotia et al. [33] exploited
the massive parallelism across different levels of k-tip hierarchy
to further improve the tip decomposition efficiency.

However, these existing works didn’t focus on tip main-
tenance problems on dynamic bipartite graphs. Applying the
global tip decomposition algorithm to re-peel the whole graph
for each edge update would be time-consuming.

C. Core Decomposition on Unipartite Graphs

Many techniques have been explored to mine hierarchical
dense communities in unipartite graphs, such as k-core decom-
position and k-truss decomposition [67], [68], [69]. k -core is
the most fundamental type of subgraph structure, which can be
detected in polynomial time. To maintain core numbers effi-
ciently, Sariyuce et al. [45] first proposed streaming algorithms
to maintain core numbers in dynamic unipartite graphs. In [70],
[71], [72], parallel algorithms were presented for batch edge
updates. These algorithms are designed based on a preliminary
condition that the new edge will change the degree of each
vertex by at most 1, and the core number of all vertices will
also change at most 1. However, as discussed in Section I, a new
edge will introduce an uncertain quantity of butterflies into the
source bipartite graph and more than one pair of vertices will
experience changes in sharing butterflies. As a result, existing
core maintenance techniques cannot be applied to solve the tip
maintenance problems in bipartite graphs.

In summary, the existing tip decomposition algorithms cannot
calculate tip numbers efficiently and the proposed incremental
core maintenance techniques cannot be applied to solve the tip
maintenance problem directly. In this context, it is desirable
to explore incremental algorithms to maintain tip numbers in
bipartite graphs.

VII. CONCLUSION

In this paper, we have introduced incremental algorithms for
tip decomposition on dynamic bipartite graphs. We first designed
a projection-based tip decomposition algorithm to avoid 2-hop
neighbor access operations. It can improve the tip decomposition
while graphs evolve with time, but the extra space may lead to an
OOM problem. Then, we investigated incremental algorithms
that can be constructed on the source bipartite graph directly.
Several theoretical studies have been proposed and proven.
Based on this, we designed tip maintenance algorithms TMA-Ins
and TMA-Del for edge insertion and edge deletion, respectively.
Our experimental evaluation shows that these incremental algo-
rithms can perform significantly better than the state-of-the-art
tip decomposition algorithm. We believe the proposed theorems
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and algorithms will serve as fundamental tools for other dynamic
bipartite graph analysis problems.
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